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The paper proposes a statistical fields theory of quantum reference frame underlying the Perel- 
man’s analogies between his formalism of the Ricci flow and the thermodynamics. The theory is 
based on a d = 4—€ quantum non-linear sigma model (NLSM), interpreted as a quantum reference 
frame system which a to-be-studied quantum system is relative to. The statistic physics and ther- 
modynamics of the quantum frame fields is studied by the density matrix obtained by the Gaussian 
approximation quantization. The induced Ricci flow of the frame fields and the Ricci-DeTurck flow 
of the frame fields associated with the density matrix is deduced. In this framework, the diffeomor- 
phism anomaly of the theory has a deep thermodynamic interpretation. The trace anomaly is related 
to a Shannon entropy in terms of the density matrix, which monotonically flows and achieves its 
maximal value at the flow limit, called the Gradient Shrinking Ricci Soliton (GSRS), corresponding 
to a thermal equilibrium state of spacetime. A relative Shannon entropy w.r.t. the maximal en- 
tropy gives a statistical interpretation to Perelman’s partition function, which is also monotonic and 
gives an analogous H-theorem to the statistical frame fields system. A temporal static 3-space of a 
GSRS 4-spacetime is also a GSRS in lower 3-dimensional, we find that it is in a thermal equilibrium 
state, and Perelman’s analogies between his formalism and the thermodynamics of the frame fields 
in equilibrium can be explicitly given in the framework. Extending the validity of the Equivalence 
Principle to the quantum level, the quantum reference frame fields theory at low energy gives an 
effective theory of gravity, a scale dependent Einstein-Hilbert action plus a cosmological constant 
is recovered. As a possible underlying microscopic theory of the gravitational system, the theory is 
also applied to understand the thermodynamics of the Schwarzschild black hole. 


I. INTRODUCTION 


Recent works [1, 2] show possible relations between Perelman’s formalism of the Ricci flow and some fundamental 
problems in quantum spacetime and quantum gravity, for instance, the trace anomaly and the cosmological constant 
problem. Perelman’s seminal works (the section-5 of [3]) and further development by Li [4, 5] also suggest deep 
relations between the Ricci flow and the thermodynamics system, not only the irreversible non-equilibrium but also 
the thermal equilibrium thermodynamics of certain underlying microscopic system. In [3] Perelman also declared 
a partition function and his functionals without specifying what the underlying microscopic ensemble really are (in 
physics). So far it is not clear whether the beautiful thermodynamic analogies are physical or pure coincidences. 
On the other hand, inspired by the surprising analogies between the black hole and thermodynamics system, it is 
generally believed the existence of temperature and entropy of a black hole. Works along this line also showed, in 
many aspects, the gravitational system would be profoundly related to thermodynamics system (see recent review 
[6] and references therein), it is generally conjectured that there would exist certain underlying statistical theory for 
the underlying microscopic quantum degrees of freedom of gravity. It gradually becomes one of the touchstones for a 
quantum gravity. 

The motivations of the paper are, firstly, to propose an underlying statistical fields theory for Perelman’s seminal 
thermodynamics analogies of his formalism of the Ricci flow, and secondly, for understanding the possible microscopic 
origin of the spacetime thermodynamics especially for the Schwarzschild black hole. We hope the paper could push 
forward the understanding to the possible interplay of the mysterious Perelman’s formalism of Ricci flow and the 
quantum spacetime and gravity. To our knowledge, several tentative works have been devoted to the goal, see e.g. 
[7-10], but frankly speaking, the physical picture underlying the Ricci flow is not fully clear, if a fundamental physical 
theory underlying the Ricci flow and a fundamental theory of quantum spacetime is lacking. 

Based on our previous works [1, 2, 11-16] on the quantum reference frame and its relation to Perelman’s formalism 
of the Ricci flow, we propose a statistical fields theory of the quantum reference frame as a possible underlying theory 
of Perelman’s seminal analogies between his geometric functionals and the thermodynamic functions. In section I, we 
review the theory of quantum reference frame based on a d = 4—€ quantum non-linear sigma model, at the Gaussian 
approximation quantization, we obtain a density matrix of the frame fields system as a physical foundation to the 
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statistical interpretation of the theory. The induced Ricci flow of the frame fields and the Ricci-DeTurck flow of the 
frame fields associated with the density matrix is deduced. In section III, we discuss the diffeomorphism and related 
trace anomaly of the quantum frame fields theory and its profound implications to the irreversible non-equilibrium 
thermodynamics of the frame fields, for instance, the statistical entropy and an analogous H-theorem of the frame 
fields, and the effective gravity theory at cosmic scale (especially the emergence of the cosmological constant). In 
section IV, the thermal equilibrium state of the frame fields as a flow limit configuration (the Gradient Shrinking Ricci 
Soliton) is discussed, in which the density matrix recovers the thermal equilibrium canonical ensemble density. This 
section gives a physical foundation to Perelman’s seminal thermodynamic analogies. In section V, the framework gives 
a possible microscopic understanding of the thermodynamics of the Schwarzschild black hole. Finally, we summarize 
the paper and give conclusions in the section VI. 


II. QUANTUM REFERENCE FRAME 


Reference frame is one of the most fundamental notions in physics. Any measurement in physics is performed or 
described, a reference frame has always been explicitly or implicitly used. In classical physics, the reference frame is 
idealizationally used via classical rulers and clocks to label the spacetime coordinates, which are classical, external, 
and rigid without any fluctuation. Even in the textbook quantum mechanics or quantum fields theory, the spacetime 
coordinates are still classical. But quantum principles tell us that all physical measuring instruments including 
the rulers and clocks are inescapably quantum fluctuating. Such idealizational and classical treatment of reference 
frame works not bad in quantum mechanics and quantum fields theory. To a large extent, this is due to the fact 
that the general coordinates transformation and gravitational effects are not seriously taken into account. Just as 
expected, when the quantum principles are seriously applied to the spacetime itself and gravitational phenomenon, 
severe difficulties arise, e.g. information losses (non-unitary), diffeomorphism anomaly and the cosmological constant 
problems, etc. 

The quantum reference frame is a recurring theme in literature (not completely list, see e.g. [17-24] and references 
therein) based on various difference physical motivations, from quantum foundation to quantum information or quan- 
tum communication, to quantum gravity. For example, in Ref.[17], the author suggests the general relation between 
superselection rules and the lack of reference frame. In Ref.[20], it also more practically shows that extra assumptions 
about the superselection rules can not be avoided from the viewpoint of quantum information and quantum communi- 
cation theory, if local observers do not share common information about their relative phase or Cartesian frames etc. 
The extra assumptions of the superselection rules may be also viewed as the weakness of textbook quantum mechanics, 
which can be overcome by introducing appropriate quantum reference frame. And many models (e.g. [18, 22, 23]) of 
quantum reference frame and relational descriptions to the quantum system and the quantum reference frame as a 
whole are suggest into the quantum foundation. In recent works [24] and the references therein, the authors review 
three approaches (relational Dirac observables, the Page-Wootters formalism and quantum deparameterizations) of 
relational quantum dynamics and suggest their equivalence. Other author focus on the possible role of quantum 
reference frame to the decoherence in quantum gravity [21, 25]. Certainly, the works list of the direction is far from 
complete, which is beyond the scope and ability of the author. 

Fundamentally, our work shares the similar philosophical viewpoint to the role of quantum reference frame in 
quantum mechanics, such as considering that an appropriate materialized (but idealized) reference frame obeying the 
same law of quantum mechanics must be taken into account, and in the full quantum theory a relational description 
based on an entanglement of a quantum system and the quantum reference frame as a whole must play a fundamental 
role. However, there are some differences from the past literature that we considered more important. First, we do 
not simply or merely treat the quantum clock as a quantum mechanical system ([23, 24]) (which is more simple and 
has less degree of free to deal with as discussed in most quantum reference literature, in fact our early work ([11, 12]) 
also started from the operationally treatment of quantum clock to get some general conclusions on the vaccum energy 
and the cosmological constant problem), but in the paper we put both quantum space-rod and clock-time on an equal 
footing in the framework of quantum statistical fields, so that it makes the theory more appropriate to incorporate 
gravity, under the assumption of a quantum version of equivalence principle. To my understanding, quantum clock 
can be viewed as a first step model and far from a theory. Second, based on the quantum spacetime reference frame 
model (i.e. the d = 4 — € non-linear sigma model), our paper does not treat the genuine relational quantities from 
the very beginning (as most literature tend to announce), but we prepare the quantum frame fields of reference in a 
laboratory frame (the d = 4 — e base spacetime of the non-linear sigma model) as the starting reference, and then 
quantum events are relative to the prepared quantum frame fields. In this sense, the framework equivalently assumes 
the existence of an external, classical and rigid (free from quantum fluctuation and volume fixed) reference frame to 
be the laboratory frame, since the non-linear sigma model allows us to assign quantum state of spacetime reference 
(the target spacetime) to the base spacetime to arbitrary precision. But it can be easily verified that the theory is 


independent to the laboratory frame (metric, sign etc.) in the non-linear sigma model. The notion of the external and 
classical laboratory frame is just for convenience, since a quantum statistical fields theory is historically (or maybe 
more appropriate to) defined on an inertial frame (flat spacetime). So the relational quantities describing the relation 
between the quantum system and the quantum spacetime reference system is in essential in the framework. Third, also 
for the reason of the base spacetime independence of the non-linear sigma model, whose Hamiltonian is trivial, so the 
theory of spacetime reference frame is more properly quantized by using the path integral or functional method rather 
than the operator methods (e.g. the relational Dirac observables quantization or relational Schrodinger picture in 
Page-Wootters formalism). And fourth, there is a fundamentally non-unitary relation between two spacetime reference 
frames under a coordinate transformation due to an irreversible Ricci flow of spacetime reference frame, unlike most 
approaches in which the coordinate transformation between difference reference frames is assumed unitary. This is 
considered as a key ingredient of quantum spacetime reference frame that is intrinsically ensemble statistical and 
thermal. 

Generally speaking, our approach alongs the general philosophy of the quantum reference frame but is considered 
independent to the details of the past literature. The framework associates to several elegant physics and mathematical 
structures that are not discussed in the past literature, such as the non-linear sigma model, Shannon entropy, the Ricci 
flow and density Riemannian geometry, etc. And our previous works |1, 2, 11-16] have revealed very rich consequencies 
of the framework, (e.g. the acceleration expansion of the late epoch universe, the cosmological constant, diffemorphism 
anomaly, the inflationary early universe, local conformal stability and non-collapsibility, modified gravity, etc.), but 
frankly speaking, the possible consequencies of the quantum reference frame are still far from fully discovered. The 
main motivation here for a quantum treatment of a reference frame system is that it might form a foundation 
to constructing a theory of quantum spacetime and quantum gravity that is analogous to the way it is used to 
construct the classical general relativity and it is crucial in understanding the microscopic origin of the spacetime 
thermodynamics. 


A. Definition 


In this section, we propose a quantum fields theory of reference frame as a starting point to study a quantum 
theory of spacetime and quantum gravity, based on an Equivalence Principle extended to reference frame described 
by quantum state (discussed by a paradox in Section-V-B and in the conclusion of the paper). The generalization of 
the Equivalence Principle to the quantum level might form another foundation to a quantum reference frame and a 
quantum gravity. How the Equivalence Principle behaves at the quantum level has many discussions having a long 
history (e.g. [26-30] and references therein, and [31, 32] for an extended thermal version). The Equivalence Principle 
is the physical foundation of measuring the spacetime by physical material reference frame even at the quantum 
level, and it is the bridge between the geometric curved spacetime and gravity, and hence the gravity is simply a 
relational phenomenon that the motion of a test particle in gravity is manifested as a relative motion w.r.t. the 
(quantum) material reference frame. Without the Equivalence Principle, we would lost the physical foundation of all 
these concepts. Therefore, the basic argument of the paper is that there are several supports (e.g. uniform quantum 
origin of the accelerating expansion of the universe posited by myself in previous works [1, 2, 13], and a consistent 
incorporating the thermodynamics of the spacetime shown in this work) and the self-consistency of the framework 
are all possible evidences for its validity for the quantum reference frame. 

In this framework, a to-be-studied quantum system described by a state |W) and the spacetime reference system by 
|X) are both quantum. The states of the whole system are given by an entangled state 
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in their direct product Hilbert space Hy ® Hx. The state (1) of the to-be-studied system and the reference frame 
system is an entangled state but a trivial direct product state is for the reason of calibration between them. Usually, 
a quantum measurement is performed as follows. At a preparation step of a quantum measurement, a one-to-one 
correlation between a quantum system |); and a reference system |X}; (a quantum instrument or ruler) is prepared, 
called calibration. The step in usual sense is a comparison and adjustment of the measuring instrument |X}; by a 
calibration standard |Wstandard)i Which is physically similar with the to-be-studied system |Y}; = |Wstandara)i- A well- 
calibrated entangled state )°, j Qi;|Wstandard)i Q |X); can be used to measure the to-be-studied system |Y}; with the 
reference to the quantum instrument |X),. In essential, the measurement indirectly performs a comparision between 
|); and the fiducial state |Wstandard)i- So the entangled state |W[X]) is a superposition of all possible one-to-one 
correlations. According to the standard Copenhagen interpretation of a quantum state, the to-be-studied quantum 
system collapsing into a state |W); together with the collapsing of the quantum reference system into the corresponding 


4 


|X); happening by the joint probability |a;;|?, meaning that when the state of the quantum instrument is read out 
being in state |.X),, then in this sense the to-be-studied system is inferred to be the corresponding |w);. A simple and 
practical example is the Stern-Gerlach experiment (see [1]). The entangled state generalizes the textbook quantum 
description of the state |¢(x)) w.r.t. an idealized parameter x of a classical reference system free from quantum 
fluctuations (in quantum mechanics x is the Newtonian time, in quantum fields theory x, are the Minkowskian 
spacetime). 

The entangled state |¢)[X]) is inseparable, so that the state can only be interpreted in a relational manner, i.e. the 
entangled state describes the “relation” between |y) and |X), but each absolute state. The individual state |Y) has 
physical meaning only being reference to |X) entangled to it. When quantum mechanics is reformulated on the new 
foundation of the relational quantum state (the entangled state) describing the “relation” between the state of the 
under-studied quantum system and the state of the quantum reference system, a gravitational theory is automatically 
contained in the quantum framework without extra assumption. 

Since the state of reference |X) is also subject to quantum fluctuation, so mathematically speaking, the state 
\~[X]) can be seen as the state |7)(x)) with a smeared spacetime coordinates, instead of the textbook state |7(x)) 
with a definite and classical spacetime coordinates. The state |y~[X]) could recover the textbook state |y(x)) only 
when the quantum fluctuation of the reference system is small enough and hence can be ignored. More precise, the 
2nd order central moment (even higher order central moments) fluctuations of the spacetime coordinate (5X7) (the 
variance) can be ignored compared with its 1st order moment of quadratic distance (AX)? (squared mean), where (...) 
represents the quantum expectation value by the state of the reference system |X). In this 1st order approximation, 
this quantum framework recovers the standard textbook quantum mechanics without gravity. When the quantum 
fluctuation (5X?) as the 2nd order correction of the reference frame system is important and taken into account, 
gravity as a next order effects emerges in the quantum framework, as if one introduces gravitation into the standard 
textbook quantum mechanics, details are seen below and in previous works. 

To find the state |X) € Hx of the quantum reference system, a quantum theory of the reference frame must be 
introduced. If the quantum spacetime reference frame |X“) (u = 0,1, 2, ...D— 1) itself is considered as the to-be-studied 
quantum system, w.r.t. the fiducial lab spacetime |x,) as the reference system, (a = 0,1,2,...d— 1), the entangled 
state |X(x)) = Xi; oij|X); 8 |x); can be constructed by a mapping between the two states, i.e. |x) — |X). From the 
mathematical viewing point, to defined a D-dimensional manifolds we need to construct a non-linear differentiable 
mapping X(x) from a local coordinate patch z € R? to a D-manifolds X € MP. The mapping in physics is usually 
realized by a kind of fields theory for X(x), the non-linear sigma model (NLSM) [33-40] 
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where À is a constant with dimension of energy density [L74] taking the value of the critical density (68) of the 
universe. 

In the action, £a (a = 0,1,2,...,d — 1), with dimension length [L], is called the base space in NLSM’s terminology, 
representing the coordinates of the local patch. They will be interpreted as the lab wall and clock frame as the 
starting reference, which is considered fiducial and classical with infinite precision. For the reason that a quantum 
fields theory must be formulated in a classical inertial frame, i.e. flat Minkowskian or Euclidean spacetime, so the 
base space is considered flat. Without loss of generality, we consider the base space as the Euclidean one, i.e. x € RI 
which is better defined when one tries to quantize the theory. 

The differential mapping X, (x), (u = 0, 1,2, ..., D — 1), with dimensional length [L], is the coordinates of a general 
Riemannian or Lorentzian manifolds MP (depending on the boundary condition) with curved metric Juv, called the 
target space in NLSM’s terminology. We will work with the real-defined coordinates for the target spacetime, and 
the Wick rotated version has been included into the general coordinates transformation of the time component. In 
the language of quantum fields theory, X,,(z) or X# (x) = ey g”” X, (x) are the real scalar frame fields. 

Here, if not specifically mentioned, we will use the Einstein summation convention to sum over index variable 
appears twice (Latin index for the lab frame from 0 to d—1 and Greek index for the spacetime from 0 to D — 1) and 
dropping the summation notation sigma. 

From the physical point of view, the reference frame fields can be interpreted as a physical coordinates system by 
using particle/fields signals, for instance, a multi-wire proportional chamber that measuring coordinates of an event 
in a lab. To build a coordinates system, first we need to orient, align and order the array of the multi-wires with the 
reference to the wall of the lab za, (a = 1,2,3). The electron fields (ignoring the spin) in these array of multi-wires 
are considered as the scalar frame fields. With the reference to the wall of the lab, to locate a position of an event, 
at least three electron signals X1, X2, X3 must be received and read in three orthogonal directions. The location 
information can be measured from the wave function of the electron fields, e.g. from the phase counting or particle 
number counting. Usually we could consider the electrons in the wires are free, and the field’s intensity is not very 


large, so that the intensity can be seen as a linear function of the coordinates of the lab’s wall, X,,(z) = 5 enta, 
(u = 1,2,3), for instance, here ef, = 67 is the intensity of the signals in each orthogonal direction. Meaning that 
when the direction p is the lab’s wall direction a, the intensity of the electron beam is 1, otherwise the intensity is 0. 
Similarly, one need to read an extra electron signal Xo to know when the event happens, with the reference to the 


lab’s clock xo. Thus, the fields of these 3+1 electron signals can be given by 
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The intensity of the fields e; is in fact the vierbein, describing a mapping from the lab coordinate x, to the frame 
fields X,,. 

When the event happens at a long distance beyond the lab’s scale, for instance, at the scale of earth or solar system, 
we could imagine that to extrapolate the multi-wire chamber to such long distance scale still seems OK, only replacing 
the electrons beam in wire by the light beam. However, if the scale is much larger than the solar system, for instance, 
to the galaxy or cosmic scale, when the signal travels along such long distance and be read by an observer, we could 
imagine that the broadening of the light beam fields or other particle fields gradually becomes non-negligible. More 
precisely, the 2nd (or higher) order central moment fluctuations of the frame fields signals can not be neglected, the 
distance of Riemannian/Lorentzian spacetime as a quadratic form must be modified by the 2nd moment fluctuation 
or variance (6X?) of the coordinates 


((Ax)’) = (AX)? + (6X2). (4) 
A local distance element in spacetime is given by a local metric tensor at the point, so it is convenient to think of 
the location point X being fixed, and interpreting the variance of the coordinate affect only the metric tensor gy at 


the location point. As a consequence, the expectation value of a metric tensor g,,, is corrected by the 2nd central 
moment quantum fluctuation of the frame fields 
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where 
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is the 1st order moment (mean value) contribution to the classical spacetime. For the contribution of the 2nd order 


central moment dg\> (variance), the expectation value of the metric generally tends to be curved up and deformed, 
the longer the distance scale the more important the broadening of the frame fields, making the spacetime geometry 
gradually deform and flow at long distance scale. 

Since the classical solution of the frame fields (3) given by the vierbein satisfying the classical equation of motion 
of the NLSM, it is a frame fields interpretation of NLSM in a lab: the base space of NLSM is interpreted as a starting 
reference by the lab’s wall and clock, the frame fields X(x) on the lab are the physical instruments measuring the 
spacetime coordinates. In this interpretation we consider d = 4 — €, (0 < € < 1) in (2) and D = 4 is the least number 
of the frame fields. 

There are several reason why d is not precise but very close to 4 in the quantum frame fields interpretation of 
NLSM. d must be very close to 4, first, certainly at the scale of lab it is our common sense; Second if we consider the 
entangled system Hy ® Hx between the to-be-studied physical system and the reference frame fields system, without 
loss of generality, we could take a scalar field 7 as the to-be-studied (matter) system, which shares the common base 
space with the frame fields, the total action of the two entangled system is a direct sum of each system 
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where V(y) is some potential of the w fields. It can be interpreted as an action of a quantum fields ~ on general 
spacetime coordinates X. Since both w field and the frame fields X share the same base space x, here they are described 
w.r.t. the lab spacetime z as the textbook quantum fields theory defined on inertial frame x. If we interpret the frame 
fields as the physical general spacetime coordinates, the coordinates of w field must be transformed from inertial frame 


x to general coordinates X. At the semi-classical level, or 1st moment approximation when the fluctuation of X can 
be ignored, it is simply a classical coordinates transformation 
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iD = 1 has been used. It is easy to see, at the semi-classical level, i.e. only consider the 1st moment of X while 
2nd moment fluctuations are ignored, the (classical) coordinates transformation reproduces the scalar field action in 
general coordinates X up to a constant 2A, and the derivative ot is formally replaced by the functional derivative 


gir /| det g™| is the Jacobian determinant of the coordinate transformation, note that the determinant requires the 
coordinates transformation matrix to be a square matrix, so at semi-classical level d must be very close to D = 4, which 
is not necessarily true beyond the semi-classical level, when the 2nd moment quantum fluctuations are important. 
For instance, since d is a parameter but an observable in the theory, it could even not necessary be an integer but 
effectively fractal at the quantum level. 

d not precisely 4 is for the quantum and topological reasons. To investigate this, we note that quantization depends 
on the homotopy group ma( M?) of the mapping X(x) : Rt + MP. If we consider the (Wick rotated) spacetime 
MP topologically the SP for simplicity, the homotopy group is trivial for all d < D = 4, in other words, when d < 4 
the mapping X(x) will be free from any unphysical singularities for topological reason, in this situation, the target 
spacetime is always mathematically well-defined. However, the situation d = 4 is a little subtle, since 74($*) = Z 
is non-trivial, the mapping might meet intrinsic topological obstacle and become singular, i.e. a singular spacetime 
configuration. When the quantum principle is taken into account, this situation can not be avoided, and by its RG 
flow the spacetime is possibly deformed into intrinsic singularities making the theory ill-defined at the quantum level 
and non-renormalizable (RG flow not converge). So at the quantum level, d = 4 should be not precisely, we have to 
assume d = 4 — e when the quantum principle applies, while at the classical or semi-classical level, considering d = 4 
has no serious problem. The above argument is different from the conventional simple power counting argument, 
which claims the NLSM is perturbative non-renormalizable when d > 2, but it is not necessarily the case, it is known 
that numerical calculations also support d = 3 and d = 4 —€« are non-perturbative renormalizable and well-defined at 
the quantum level. 


B. Beyond the Semi-Classical Level: Gaussian Approximation 


Going beyond the semi-classical or 1st order moment approximation, we need to quantize the theory at least at the 
next leading order. If we consider the 2nd order central moment quantum fluctuation are the most important next 
leading order contribution (compared with higher order moment), we call it the Gaussian approximation or 2nd order 
central moment approximation, while the higher order moment are all called non-Gaussian fluctuations which might 
be important near local singularities of the spacetime when local phase transition happens, although the intrinsic 
global singularity can be avoided by guaranteeing the global homotopy group trivial. 


At the Gaussian approximation, ôg can be given by a perturbative one-loop calculation |37, 38] of the NLSM 


when it is relatively small compared with gy) 
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3277 
where RY) is the Ricci curvature given by 1st order metric gw , k? is the cutoff energy scale of the Fourier component 
of the frame fields. The validity of the perturbation calculation R“ 5k? < A is the validity of the Gaussian approxi- 
mation, which can be seen as follows. It will be shown in later section that À is nothing but the critical density pe 
of the universe, A ~ O(H}/G), Ho the Hubble’s constant, G the Newton’s constant. Thus for our concern of pure 
gravity in which matter is ignored, the condition R“ 6k? < A is equivalent to dk? < 1/G which is reliable except for 

some local singularities are developed when the Gaussian approximation is failed. 
The equation (9) is nothing but a RG equation or known as the Ricci flow equation (some reviews see e.g. [41—43]) 
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with flow parameter ôt = — agers Ok? having dimension of length squared [L7], which continuously deform the spacetime 


metric driven by its Ricci curvature. 

For the Ricci curvature is non-linear for the metric, the Ricci flow equation is a non-linear version of a heat 
equation for the metric, and flow along t introduces an averaging or coarse-graining process to the intrinsic non-linear 
gravitational system which is highly non-trivial [44-48]. In general, if the flow is free from local singularities there 
exists long flow-time solution in t € (—0o,0), which is often called ancient solution in mathematical literature. This 
range of the t-parameter corresponds to k € (0,00), that is from t = —oo, ie. the short distance (high energy) UV 
scale k = oo forwardly to t = 0 i.e. the long distance (low energy) IR scale k = 0. The metric at certain scale t is given 
by being averaged out the shorter distance details which produces an effective correction to the metric at that scale. 
So along t, the manifolds loss its information in shorter distance, thus the flow is irreversible, i.e. generally having no 
backwards solution, which is the underlying reason for the non-unitary and existence of entropy of a spacetime. 

As it is shown in (4), (5), the 2nd order moment fluctuation modifies the local (quadratic) distance of the spacetime, 
so the flow is non-isometry. This is an important feature worth stressing, which is the underlying reason for the 
anomaly. The non-isometry is not important for its topology, so along t, the flow preserves the topology of the 
spacetime but its local metric, shape and size (volume) changes. There also exists a very special solution of the Ricci 
flow called Ricci Soliton, which only changes the local volume while keeps its local shape. The Ricci Soliton, and its 
generalized version, the Gradient Ricci Soliton, as the flow limits, are the generalization of the notion of fixed point 
in the sense of RG flow. The Ricci Soliton is an important notion for understanding the gravity at cosmic scale and 
studying the the thermodynamics of the Ricci flow at equilibrium. 

The Ricci flow was initially introduced in 1980s by Friedan [34, 35] in d = 2 + e NLSM and independently by 
Hamilton in mathematics [49, 50]. The main motivation of introducing it from the mathematical point of view is to 
classify manifolds, a specific goals is to proof the Poincare conjecture. Hamilton used it as a useful tool to gradually 
deform a manifolds into a more and more “simple and good” manifolds whose topology can be readily recognized for 
some simple cases. A general realization of the program is achieved by Perelman at around 2003 [8, 51, 52], who 
introduced several monotonic functionals to successfully deal with the local singularities which might be developed 
in more general cases. The Ricci flow approach is not only powerful to the compact geometry (as Hamilton’s and 
Perelman’s seminal works had shown) but also to the non-compact [53-55] and the Lorentzian geometry [15, 56-62]. 


C. The Wavefunction and Density Matrix at the Gaussian Approximation 


So far we have not explicitly defined the quantum state of the reference frame |X) in (1). In fact, the previous 
(2nd order) results e.g. (5), (9) and hence the Ricci flow (10) can also equivalently be given by the expectation value 
(O) = (X|O|X) via explicitly writing down the wavefunction U(X) of the frame fields at the Gaussian approximation. 
Note that at the semi-classical level, the frame fields X is a delta-distribution and peaks at its mean value, and further 
more, the action of the NLSM seems like a collection of harmonic oscillators, thus at the Gaussian approximation level, 
finite Gaussian width/2nd moment fluctuation of X must be introduced. When one performs a canonical quantization 
to the NLSM at the Gaussian approximation level, the fundamental solution of the wave function(al) (as a functional 
of the frame fields X“) of NLSM takes the Gaussian form, i.e. a coherent state 


1 Idet opy| 


Y[X"(x)] = VAT) P74 | det guy |14 


exp | -7 X" (e)p (2) X (a) (11) 


where the covariant matrix o,,,(x), playing the role of the Gaussian width, is the inverse of the 2nd order central 
moment fluctuations of the frame fields at point x 


1 1 
Our (2) > oh” (x) 7 (XH (x) X” (x)} = 


which is also given by perturbative one-loop calculation up to a diffeomorphism of X. The absolute symbol of 
|X"o,,X"| in the exponential is used to guarantee the quadratic form and hence the determinant of c py induced 
from the Gaussian integral over X positive even in the Lorentzian signature. 

We can also define a dimensionless density matrix corresponding to the fundamental solution of the wavefunction 


XM] = OOL) = one A a Oe], (13) 


+/ |det ouu] 


1 > : x 
and is a normalization parameter, so that 
Xr) P72 det gpu] p ' 


a [ Px) = a f a? xu(X) =1, (14) 


in which we often attribute the flow of the volume form d? X, to the flow of the metric gt, for the volume element 
dP X, = dvV,(X") = \/|gildX°dX!dX?dX*. Then the expectation values (O) can be understood as À f dP? X;,uO. 
As the quantum frame fields X are q-number in the theory, precisely speaking, the integral of them should be, in 
principle, a functional integral. Here the formal c-number integral of them f dP X4... is for the conventional in the 
Ricci flow literature, in which X is a coarse-grained c-number coordinates of manifolds at scale t. The exact functional 
integral of X is considered in calculating the partition function and related anomaly of the theory in section-III. 

Under a diffeomorphism of the metric, the transformation of u(X) is given by a diffeomorphism of the covariant 
matrix (h is certain function) 


Ouv > Spy = Op + VuVh. (15) 


So there exists an arbitrariness in the density u(X) for different choices of a diffeomorphism /gauge. 

According to the statistical interpretation of wavefunction with the normalization condition (14), u(X°, X1, X?, X°) 
describes the probability density that finding these frame particles in the volume dV;(X“). As the spacetime X flows 
along t, the volume AV;, in which density is averaged, also flows, so the density at the corresponding scale is coarse- 
grained. If we consider the volume of the lab, i.e the base space, is rigid and fixed by \ f dtz = 1, by noting (14), we 
have 


E E a Si anf 1. dn. (16) 
, dP? X; AVi70 AV, AV; 


We can see that the density u(X,t) can be interpreted as a coarse-grained density in the volume element AV; > 0 
w.r.t. a fine-grained unit density in the lab volume element dtz at UV t > —oo. 

In this sense, the coarse-grained density u(X, t) is in analogy with the Boltzmann’s distribution function, so it should 
satisfy an analogous irreversible Boltzmann’s equation, and giving rise to an analogous Boltzmann’s monotonic H- 
functional. In the following sections, we will deduce such equation and the functional of u(X, t). The coarse-grained 
density u(X,t) has profound physical and geometric meaning, it also plays a central role in analyzing the statistic 
physics of the frame fields and generalizes the manifolds to the density manifolds. 


D. Ricci-DeTurck Flow 


In previous subsection, from the viewpoint of frame fields particle, u(X“,t) has a coarse-grained particle density 
interpretation, the eq.(16) can also be interpreted as a manifolds density [63] from the geometric point of view. 
For instance, u(X,t) associates a manifold density or density bundle to each point X of a manifolds, measures the 
fuzziness of the “point”. It is worth stressing that the manifolds density u(X,t) does not simply a conformal scaling 
of a metric by the factor, since if it is the case, the integral measure of D = 4-volume or 3-volume in the expectation 
(O) =X f dP XuO would scale by different powers. There are various useful generalizations of the Ricci curvature to 
the density manifolds, a widely accepted version is the Bakry-Emery generalization [64] 


Rv > Ruv — Va Vv logu, (17) 
which is also used in Perelman’s seminal paper. The density normalized Ricci curvature is bounded from below 
Ruv — Va Vu logu > ow, (18) 


if the density manifolds has finite volume. 
As a consequence, replacing the Ricci curvature by the density normalized one, we get the Ricci-DeTurck flow [65] 


OPGuy 
Ot 


= —2(Rwv — Va Vv logu), (19) 


which is equivalent to the standard Ricci flow equation (10) up to a diffeomorphism. Mathematically, the Ricci- 
DeTurck flow has the advantage that it turns out to be a gradient flow of some monotonic functionals introduced by 
Perelman, which have profound physical meanings shown later. 


The eq.(14) and (16) also give a volume constraint to the fiducial spacetime (the lab), the coarse-grained density 
u(X,t) cancels the flow of the volume element ,/| det g,,,|, so 


2 (uy/fdet gpl) =0. (20) 


Together with the Ricci-DeTurck flow equation (19), we have the flow equation of the density 


Ou 

z 7 (RO Ax) (21) 
which is in analogy to the irreversible Boltzmann’s equation for his distribution function. A x is the Laplacian operator 
in terms of the manifolds coordinates X. Note the minus sign in front of the Laplacian, it is a backwards heat-like 
equation. Naively speaking, the solution of the backwards heat flow will not exist. But we could also note that if one 
let the Ricci flow flows to certain IR scale t,, and at tą one might then choose an appropriate u(t,) = uo arbitrarily 
(up to a diffeomorphism gauge) and flows it backwards in 7 = tą — t to obtain a solution u(r) of the backwards 
equation. Now since the flow is consider free from global singularities for the trivialness of the homotopy group, we 
could simply choose t, = 0, so we defined 


1 2 
T=-t= baa ® € (0,00). (22) 
In this case, the density satisfies the heat-like equation 
Ou 
— =(Ax - 2 
7, 7 (Ax -R)u, (23) 


which does admit a solution along 7, often called the conjugate heat equation in mathematical literature. 
So far (23) together with (19) the mathematical problem of the Ricci flow of a Riemannian/Lorentzian manifolds 
is transformed to a coupled equations 


Ou — _9(R,,, —V,,V_logu) 


ðt 
gu = (Ax —R)u (24) 
dr _ _j 

dt 


and the manifolds (M? , g) is generalized to a density manifolds (M?,g,u) [63, 66, 67] with the constraint (14). 


II. THE ANOMALY AND ITS IMPLICATIONS 


At the semi-classical approximation, see in eq.(8), when the quantum fluctuations of the frame fields or spacetime 
coordinates are ignored, the general coordinates transformation is just a classical coordinates transformation. We 
will show that when the quantum fluctuations are taken into account in the general coordinates transformation 
beyond the semi-classical approximation, quantum anomaly emerges. As is seen in the previous section, the quantum 
fluctuation and hence the coarse-graining process of the Ricci flow does not preserve the quadratic distance of a 
geometry, see (4) and (5). The non-isometry of the quantum fluctuation induces a breakdown of diffeomorphism or 
general coordinate transformation at the quantum level, namely the diffeomorphism anomaly. In this section, we 
derive the diffeomorphism anomaly of the theory, show its relation to the Shannon entropy whose monotonicity gives 
an analogous H-theorem of the frame fields system and the Ricci flow. Further more, as the quantum frame fields 
theory describes a quantum spacetime, together with the generalized quantum Equivalence Principle, the anomaly 
induced effective action in terms of the Shannon entropy can also be interpreted as a gravity theory, which at low 
energy expansion is a scale dependent Einstein-Hilbert action plus a cosmological constant. This part has certain 
overlap with the previous work [2], for the self-containedness of the paper, we hope this section provide a general 
background and lay the foundation for the subsequent thermodynamic and statistic interpretation of the theory. 


A. Diffeomorphism at the Quantum Level 


First we consider the functional quantization of the pure frame fields without explicitly incorporating the matter 
source. The partition function is 


Z(M?) = I [DX] exp (—S[X]) = J [DX] exp (-3) I tag! 9X, X ) (25) 
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where M? is the target spacetime, and the base space can be either Euclidean and Minkowskian. Since considering 
the action or the volume element dfx = d*x det e (det e is a Jacobian) does not pick any imaginary i factor no matter 
the base space is in Minkowskian or Euclidean one, if one takes da) > idx) then dete) — —idete™, so 
without loss of generality we use the Euclidean base spacetime in the following discussions, and remind that the result 
is the same for Minkowskian. 
Note that a general coordinate transformation 
> ôk, 
By rg, SA (26) 


does not change the action S[X] = S[X], but the measure of the functional integral changes 


D-1 
DX = Il II dX (ax) = | [| euroo et e?e dXo(x)dXı(x)dX2(£)dX3(x) 


xz p=0 $ 
D-1 
=[[ldet e(x)| | | [[ ¢Xa(2) = (u deteta) DX, (27) 
x xz a=0 x 


where 


Euvpo Enere ES = |det es | = 4/|det guv (28) 


is the Jacobian of the diffeomorphism. The Jacobian is nothing but a local relative (covariant basis) volume element 
dV(X,,) w.r.t. the fiducial volume dV (Xa). Note that the normalization condition (14) also defines a fiducial volume 
element udt X = udV (Ñ u), so the Jacobian is nothing but related to the frame fields density matrix 


A Xa 
u(X,) = VE) — Jdete] = 


 dV(X,) oe 


|det en | 
Here the absolute symbol of the determinant is because the density u and the volume element are kept positive 
defined even in the Lorentz signature. Otherwise, for the Lorentz signature, it should introduce some extra imaginary 
factor i into (30) to keep the condition (14). The density so defined followed by (14) is an explicit generalization 
from the standard 3-space density to a 4-spacetime version. It is the definition of the volume form and the manifolds 
density ensure the formalism of the framework formally the same with the Perelman’s standard form even in the 
Lorentzian signature. The manifolds density encodes the most important information of a Riemannian or Lorentzian 


geometry, i.e. the local volume comparison. 
In this case, if we parameterize a dimensionless solution u of the conjugate heat equation as 


n 1 ae 


then the partition function Z(M?) is transformed to 
ZP) = | (DXlexp (-S(X1) = f (Tiss) [DX] exp (—S[X]) 
=i, (u eft? a) [DX] exp (~S[X)) 
x (à f da [742 tater} foxes 
= exp ( [axe | f+ 5 log(4r7)|) [Px sx). (31) 


Note that N(M?) in the exponential of the change of the partition function 


Z(MP) = NM") Z(M?) (32) 
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is nothing but a pure real Shannon entropy in terms of the density matrix u 


N(M?) = d? Xu | f+ - logar) =— d? Xulogu. (33) 
MP 2 MP 

The classical action S[X] is invariant under the general coordinates transformation or diffeomorphism, but the 
quantum partition function is no longer invariant under the general coordinates transformation or diffeomorphism, 
which is called diffeomorphism anomaly, meaning a breaking down of the diffeomorphism at the quantum level. The 
diffeomorphism anomaly is purely due to the quantum fluctuation and Ricci flow of the frame fields which do not 
preserve the functional integral measure and change the spacetime volume at the quantum level. The diffeomorphism 
anomaly has many profound consequences to the theory of quantum reference frame, e.g. non-unitarity, the trace 
anomaly, the notion of entropy, reversibility, and the cosmological constant. 

The non-unitarity is indicated by the pure real anomaly term, which is also induced by the non-isometry or volume 
change, and consequently the non-invariance of the measure of the functional integral during the Ricci flow. Because 
of the real-defined volume form (29) for both Euclidean and Lorentzian signature, the pure real contribution of the 
anomaly and hence the non-unitarity are valid not only for spacetime with Euclidean but also for the Lorentzian 
signature, it is a rather general consequence of the Ricci flow of spacetime. Essentially speaking, the reason of the 
non-unitarity is because we have enlarged the Hilbert space of the reference frame, from a rigid classical frame to a 
fluctuating quantum frame. The non-unitarity implies the breakdown of the fundamental Schrodinger equation which 
is only valid on a classical time of inertial frame, the solution of which is in Hy. A fundamental equation playing the 
role of the Schrodinger equation, which can arbitrarily choose any (quantum) physical system as time or reference 
frame, must be replaced by a Wheeler-DeWitt-like equation in certain sense [11], the solution of which is instead in 
Hy ®Hx. In the fundamental equation, the quantum fluctuation of physical time and frame, more generally, a general 
physical coordinates system must break the unitarity. We know that in quantum fields theory on curved spacetime 
or accelerating frame, the vacuum states of the quantum fields in difference diffeomorphism equivalent coordinate 
systems are unitarily inequivalent. The Unruh effect is a well known example: accelerating observers in the vacuum 
will measure a thermal bath of particles. The Unruh effect shows us how a general coordinates transformation (e.g. 
from an inertial to an accelerating frame) leads to the non-unitary anomaly (particle creation and hence particle 
number non-conservation), and how the anomaly will relate to a thermodynamics system (thermal bath). In fact, 
like the Unruh effect, the Hawking effect [68] and all non-unitary particle creation effects in a curved spacetime or 
accelerating frame are related to the anomaly in a general covariant or gravitational system. All these imply that the 
diffeomorphism anomaly will have deep thermodynamic interpretation which is the central issue of the paper. 

Without loss of generality, if we simply consider the under-transformed coordinates X,, identifying with the coor- 
dinates of the fiducial lab £a which can be treated as a classical parameter coordinates, in this situation the classical 
action of NLSM is just a topological invariant, i.e. half the dimension of the target spacetime 


1 1 
exp (—S,,) = exp (— 5a f area? aue,00r) = exp (53 f teow) =F, (34) 
Thus the total partition function of the frame fields takes a simple form 


Z(MP) = N(M)- 2 (35) 


B. The Trace Anomaly 


The partition function now is non-invariance (32) under diffeomorphism at the quantum level, so if one deduces the 
stress tensor by (Ty) = Tal ane its trace (g””) (Tav) = 0 is difference from (7#) = (g9 Ty) 
(ATH) = (g"”) (Ta) — (g"” Tu) = AN(M”) (36) 


known as the trace anomaly. Cardy conjectured [69] that in a d = 4 theory, quantities like (7,!*) could be a higher 
dimensional generalization of the monotonic Zamolodchikov’s c-function in d = 2 conformal theories, leading to a 
suggestion of the a-theorem [70] in d = 4 and other suggestions (e.g. [71, 72]). In the following subsections, we will 
show that the Shannon entropy N and generalized N are indeed monotonic, which might have more advantages, e.g. 
suitable for a Lorentzian target spacetime and for general D. 

Note that the Shannon entropy N(M?) can be expanded at small 7 


AN(M?) =A X` BaT” = À (Bo + Bit + Bor? +...) (740). (37) 
n=0 
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For D = 4 the first few coefficients are 


f D 
dN D 
Bı = lim — = | dX vq (r+ =) (39) 
730 dt x 2T 


2 


1 œN 1 
Bo = lim = = — 1y okt 4 
p= tim SS = fax Viale + soa (40) 


T>0 


in which Bo can be renormalized out, and a renormalized Bı will contribute to the effective Einstein-Hilbert action 
of gravity, see following subsection D. And Bg, as a portion of the full anomaly, plays the role of the conformal/Wey] 
anomaly up to some total divergence terms, for instance, AR terms and the Gauss-Bonnet invariant. That is, a 
non-vanishing By term measures the broken down of the conformal invariance of M?=*, otherwise, a vanishing B2 
means that the manifold is a gradient steady Ricci soliton as the fixed point of the Ricci-DeTurck flow, which preserves 
it shape (conformal invariant) during the flows. 

We note that Bə as the only dimensionless coefficient measures the anomalous conformal modes, in this sense, 
N(M?) indeed relates to certain entropy. However, since the conformal transformation is just a special coordinates 
transformation, thus it is clearly that the single B2 coefficient does not measure the total (general coordinates trans- 
formation) anomalous modes. Obviously this theory at 2 < d = 4 — e is not conformal invariant, thus as the theory 
flows along t, the degrees of freedom are gradually coarse-grained and hence the modes-counting should also change 
with the flow and the scale, as a consequence all coefficients Bn in the series and hence the total partition function 
eN(M”) should measure the total anomalous modes at certain scale T, leading to the full entropy and anomaly. 

Different from some classically conformal invariant theories, e.g. the string theory, in which we only need to 
cancel a single scale-independent B; coefficient in order to avoid conformal anomaly. As the theory at higher than 
2-dimension is not conformal invariant, the full scale-dependent anomaly N(M”) is required to be canceled at certain 
scale. Fortunately, it will show in later subsection that a normalized full anomaly AN (MP) can converge at UV for 
its monotonicity, thus giving rise to a finite counter term of order O(A) playing the role of a correct cosmological 
constant. The idea that the trace anomaly might have a relation to the cosmological constant is a recurring subject in 
literature [73-77], in the framework, the cosmological constant is naturally emerged in this way as the counter term 
of the trace anomaly (see subsection-D or [2]). 


C. Relative Shannon Entropy and a H-Theorem for Non-Equilibrium Frame Fields 


In the Ricci flow limit, i.e. the Gradient Shrinking Ricci Soliton (GSRS) configuration, the Shannon entropy N 
taking its maximum value N., it is similar with the thermodynamics system being in a thermal equilibrium state 
where its entropy is also maximal. In mathematical literature of Ricci flow, it is often defined a series of relative 
formulae w.r.t. the extreme values taking by the flow limit GSRS or analogous thermal equilibrium state denoted by 
a subscript *. 

In GSRS, the covariance matrix o“” as 2nd central moment of the frame fields with a IR cutoff k is simply 
proportional to the metric 


1 1 1 PIES dip 1 k 
Lot” = = (6X#6X") = — gt” = wy hy 41 
ge mg OAKS a9 l Orp 64n2\7 TI >? (41) 
and then 
ran ee (42) 
B à gp era 


which means a uniform Gaussian broadening is achieved. And in this gauge, only longitudinal part of fluctuation 
exists. 

When the density normalized Ricci curvature is completely given by the longitudinal fluctuation o,,, i.e. the 
inequality (18) saturates, giving a Gradient Shrinking Ricci Soliton (GSRS) equation 


1 
Ruy + VuVif = gp Ier (43) 
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It means, on the one hand, for a general f(X) = $ |ou X“X”]|, so Ry, seems vanish, so the standard Ricci flow 
equation (10) terminates; and on the other hand, the Ricci-DeTurck flow (19) only changes the longitudinal size or 
volume of the manifolds but its shape keep unchanged, thus the GSRS can also be seen stop changing, up to a size or 
volume rescaling. Thus the GSRS is a flow limit and can be viewed as a generalized RG fixed point. 

In the following, we consider relative quantities w.r.t. the GSRS configuration. Considering a general Gaussian 


density matrix 


dia of ig, 30 (44) 
A(2n)P/? det gur] 2 J i 


in GSRS limit it becomes 


w) = pr -E xP). (45) 


Therefore, in GSRS, a relative density can be defined by the general Gaussian density u(X) relative to the density 
ux(X) in GSRS 


(X) =. (46) 
By using the relative density, a relative Shannon entropy N can be defined by 
N(MP) =— J d? Xŭlogŭ = - [Pxu logu + / dP Xu, log us = N — N, = — log Zp < 0, (47) 
where Zp is nothing but the Perelman’s partition function 


D 
log Zp =f dP Xu (3 = r) >0, (48) 
MP 


and N, is the maximum Shannon entropy 


D D z 
N, =-— I dP Xu, logus = / dP Xu [1 +log(V\4z7)| =5 E + log(VMr7)] . (49) 


Since the relative Shannon entropy and the anomaly term is pure real, so the change of the partition function under 
diffeomorphism is non-unitary. For the coarse-graining nature of the density u, it is proved that the relative Shannon 
entropy is monotonic non-decreasing along the Ricci flow (along t), 


dÑ (M?) A 
Ne LES 
Ti F >0, (50) 
where F = F — F, <0 is the GSRS-normalized F-functional of Perelman 
= dN _ D 2 
at Xu(R+|Vs/’) (51) 
with the maximum value (at GSRS limit) 
dN, D 
r= r= = —. 2 
Fa = Fhua) dt 2AT (52) 


The inequality (50) gives an analogous H-theorem to the non-equilibrium frame fields and the irreversible Ricci 
flow. The entropy is non-decreasing along the Ricci flow making the flow irreversible in many aspects similar with the 
processes of irreversible thermodynamics, meaning that as the observation scale of the spacetime flows from short to 
long distance scale, the process losses information and the Shannon entropy increases. The equal sign in (50) can be 
taken when the spacetime configuration has flowed to a limit known as a Gradient Shrinking Ricci Soliton (GSRS), 
when the Shannon entropy takes its maximum value. Similarly, at the flow limit the density matrix u, eq.(45) takes 
the analogous standard Maxwell-Boltzmann distribution. 
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D. Effective Gravity at Cosmic Scale and the Cosmological Constant 


In terms of the relative Shannon entropy, the total partition function (35) of the frame fields is normalized by the 
GSRS extreme value 


AN-2 ~ 
Z(M?) = — — = eÑ- = Zp^e 7 = exp È „dP Xu(f -D)|. (53) 


The relative Shannon entropy Ñ as the anomaly vanishes at GSRS or IR scale, however, it is non-zero at ordinary 
lab scale up to UV where the fiducial volume of the lab is considered fixed \ f dx = 1. The cancellation of the 
anomaly at the lab scale up to UV is physically required, which leads to the counter term v(M2_,..) or cosmological 
constant. The monotonicity of N eq.(50) and the W-functional implies [3, 78] 


v(M2_.) = lim AN(MP,u,7T) = lim AW(M?,u,7) = inf AW(M? ,u,T) < 0, (54) 
T= 00 T 


T= 00 
where W, the Perelman’s W-functional, is the Legendre transformation of N wert. 77}, 


War 4NarFtN = (rN). (55) 
Or 


dt 


In other words, the difference between the effective actions (relative Shannon entropies) at UV and IR is finite 
v = (Nuv — Nir) < 0. (56) 


Perelman used his analogies: the temperature T ~ 7, the (relative) internal energy U ~ —1°F, the thermodynamics 
entropy S ~ —W, and the free energy F ~ TN , up to proportional balancing the dimensions on both sides of ~, the 
equation (55) is in analogy to the thermodynamics equation U — TS = F. So in this sense the W-functional is also 
called the W-entropy. Whether the thermodynamic analogies are real and physical, or just pure coincidences, is an 
important issue discussed in the next sections. 7 

In fact e” < 1 (usually called the Gaussian density [79, 80]) is a relative volume or the reduced volume V (MP) of 
the backwards limit manifolds introduced by Perelman, or the inverse of the initial condition of the manifolds density 
uzo: A finite value of it makes an initial spacetime with unit volume from UV flow and converge to a finite u+=0, 
and hence the manifolds finally converges to a finite relative volume/reduced volume instead of shrinking to a singular 
point at T = 0. 

As an example, for a homogeneous and isotropic universe for which the sizes of space and time (with a “ball” radius 
a,) are on an equal footing, i.e. a late epoch FRW-like metric ds? = a? (—dx% +daj +dx3 + dx2), which is a Lorentzian 
shrinking soliton configuration. Note that the shrinking soliton equation Ry, = + guv it satisfies and its volume form 
(29) are independent to the signature, so it can be approximately given by a 4-ball value v(B4,) ~ —0.8 [1, 2]. 

So the partition function, which is anomaly canceled at UV and having a fixed-volume fiducial lab, is 


Z(M?) = N-2-”, (57) 


Since limo N(M?) = 0, so at small 7, N(M?) can be expanded by powers of T 


N(M?) = Ap + O(7?) = TË + 0(7°?) 


D 
= dP X tise (Rc + IV frs0|" — z) 7 + O(r?) 
MP 2T 


= d? XuoRor + O(7?), (58) 
MP 


in which \ f dP Xu,07|Vf,0|” = 2 (at GSRS) has been used. 
For D = 4 and small 7, the effective action of Z(M*) can be given by 


—log Z(M*) = Sess & | d*Xug (2A — ARor + Av) (small). (59) 
M4 
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Considering uod*X = \/|g:i|dV = \/|q:|dX°dX1dX7dX° is the invariant volume element, and using (22) to replace t 
or T by cutoff scale k, we have 


Seff = dV v |gr| (2 = La k? + w) (small k). (60) 
M4 647 


The effective action can be interpreted as a low energy effective action of pure gravity. As the cutoff scale k ranges 
from the lab scale to the solar system scale (k > 0), the action must recover the well-tested Einstein-Hilbert (EH) 
action. But at the cosmic scale (k — 0), we know that the EH action deviates from observations and the cosmological 
constant becomes important. In this picture, as k > 0, the action leaving 2\+ Av should play the role of the standard 
EH action with a limit constant background scalar curvature Ro plus the cosmological constant, so 


Ro — 2A 


(61) 


While at k > 00, AN => v, the action leaving only the fiducial Lagrangian 2A = 2A which should be interpreted as 
a constant EH action without the cosmological constant 


Ro 


2A = . 2 
i 167G (a 
Thus we have the cosmological term 
—2A 
Av = mro = PA (63) 


The action can be rewritten as an effective EH action plus a cosmological term 


Seff = l dV y \gx| E + w) (smallk), (64) 


where 
Rk Ro ə 
=2 

167G i 64r? ms gae 
which is nothing but the flow equation of the scalar curvature [43] 

R R 

RS es or R= — (66) 
1+ gek? 1+ por 


Since at the cosmic scale k — 0, the effective scalar curvature is bounded by Ro which can be measured by “Hubble’s 
constant” Ho at the cosmic scale, 


Ro = D(D —1)H? = 12H, (67) 
so À is nothing but the critical density of the 4-spacetime Universe 


_ 3H 


=. = pe, 68 
zG 7P (68) 

so the cosmological constant is always of order of the critical density with a “dark energy” fraction 
Qa = ÊA = -v x 0.8, (69) 


Pe 


which is close to the observational value. The detail discussions about the cosmological constant problem and the 
observational effect in the cosmology, especially the modification of the Distance-Redshift relation leading to the 
acceleration parameter gg ~ —0.68 can be found in [1, 2, 12, 13]. 

If matters are incorporated into the gravity theory, consider the entangled system in Hy ® Hx between the to- 
be-studied quantum system (matters) and the quantum reference frame fields system (gravity). 2A term in eq.(8) is 
normalized by the Ricci flow, by using eq.(60) and eq.(65), a matter-coupled-gravity is emerged from the Ricci flow 


(2) Ly ôb òb Ro a, 
styx] È f avvia [50 xm gy 7 a Gh + 


ib ð Ry 
= f avvia Fares a V(b)+a 54 x! (70) 


16 
IV. THERMAL EQUILIBRIUM STATE 


A Gradient Shrinking Ricci Soliton (GSRS) configuration as a Ricci flow limit extremizes the Shannon entropy N 
and the W-functional. Similarly, a thermal equilibrium state also extremizes the H-functional of Boltzmann and the 
thermodynamic entropy. Thus the process of a generic Ricci flow flows into a GSRS limit is in analogy with the non- 
equilibrium state evolves into a thermal equilibrium state, they are not merely similar but even equivalent, when the 
thermal system is nothing but the frame fields system. In this section, following the previous discussions on the non- 
equilibrium state of the frame fields in 4-dimension, in a proper choice of time, we will discuss the thermal equilibrium 
state of the frame particle system as a GSRS configuration in lower 3-dimension, in which the temperature and several 
thermodynamic functions of the system can be explicitly calculated and the manifolds density can be interpreted as the 
thermal ensemble density of the frame fields particles, giving a statistical interpretation to Perelman’s thermodynamic 
analogies of the Ricci flow. 


A. A Temporal Static Shrinking Ricci Soliton as a Thermal Equilibrium State 


When the shrinking Ricci soliton M7? is static in the temporal direction, i.e. being a product manifolds M+ = M? xR 
and 6X/5X 9 = 0, where Xo € R is the physical time, X = (X1, X2, X3) € M? is a 3-space gradient shrinking Ricci 
soliton of lower dimensions, we can prove here that the temporal static spatial part M? is in thermal equilibrium with 
the flow parameter T proportional to its temperature, and the manifolds density u of M can be interpreted as the 
thermal equilibrium ensemble density. 

According to Masubara’s formalism of thermal fields theory, the thermal equilibrium of the spatial frame fields can 
be defined by the periodicity X(x,0) = X(x, 6) in their Euclidean time of the lab (remind that we start from the 
Euclidean base space for the frame fields theory), where 6 = 1/T is the inverse of the temperature. Now the frame 
fields is a mapping R? x S' > M? x R. Then in such configuration, the T parameter of the 3-space shrinking soliton 


M? becomes 
Spd, 1 
_— ale T)t aa a D p? + (2rnT)?’ (a 


where wn = 2mnT, f don, = T=, have been used. The calculation is a periodic-Euclidean-time version of the general 
eq.(41). Since the density matrix eq.(45) of the frame fields X, is Gaussian or a coherent state, which the oscillators 
are almost condensed in the central peak, thus wọ = 0 dominants the Masubara sum, 


1 dp 1 
= —T —. 72 
2A f (2r)? p? 2) 
Different from the naive notion of “temporal static” at the classical level, which means w.r.t. the physical clock Xo 


of the quantum reference frame, i.e. ( = ) = 0. However, the notion Mtemporal static” is a little subtle at the quantum 
level. Because there is no “absolute static” at the quantum or microscopic level, since at such microscopic scale the 


modes are always in motion or vibrating w.r.t. the infinitely precise lab time zo, i.e. eet) 


in general non-zero even though its oscillation degrees of freedom are almost frozen (Masubara frequency wpn is zero 
for the Gaussian wavefunction), while the center of the Gaussian wave pocket of X is in translational motion so p # 0, 
so its expectation value is in general finite, for instance, (42) ~ 3T < oo claimed by the equipartition energy of 
the translational motion in 3-space. In general, whether or not the modes of the spatial frame fields is temporal static 
depends on the scale to evaluate the average of the physical clock (Xo). The notion of “thermal static” in the sense of 
statistical physics is approximate at a macroscopic scale rather than a microscopic scale, at which scale the molecules 
are always in motion (so does the physical clock Xo). The macroscopic scale of the thermal static system is at such a 
long physical time scale 6(Xo) >> 6x9 that the averaged physical clock is almost frozen ae Xo) 0 w.r.t. the infinitely 
precise lab time xo, so that the thermal static condition ( ae y= = ). ay > 0 can be achieved. 

More precisely, when we mention that the 3-space is macroscopic “temporal static”, a IR cutoff, for example, Ho as 
a macroscopic Hubble scale should be taken into account. The fluctuation modes on the 3-space outside the Hubble 
scale 0 < |p| < Ho are frozen and temporal static, while those modes |p| > Ho inside the Hubble horizon are dynamic. 
So with this cutoff scale we have 


oe os =Ho de 1i _ © 1 1 
at 
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where the 3-space energy density is Àg = om = ae Note that if we consider the temporal integral is also cutoff 
2 


at about a long physical time scale, e.g. the age of the universe O(1/Hp), let the temporal direction is normalized as 
1 127 


2 
cat Jo ps dxoHo = 1, then the condition f d*x\ = 1 gives its 3-space version 


J Piet (74) 


which is the definition of A3 on 3-space slice generalizing the critical density À in a 4-spacetime covariant theory. 

It is worth stressing that since the spatial slice depends on the definition of time, so the value of A3 is not universal 
(not necessarily equal to above 127A in other frame or cutoff, unlike the universal 4-spacetime critical density A) 
but frame dependent. If a specific gauge of time or frame is chosen, A3 could be considered fix and be used as a 
proportional to correlate the 7 parameter with the temperature of the temporal static frame fields configuration in 
such a specific gauge of time. The 3-space energy density A3 is very useful when we consider a temporal static GSRS 
spacetime or corresponding thermal equilibrium frame fields ensemble in later discussions. 

In summary, an important observation is that when M? is a shrinking Ricci soliton in a temporal static product 
shrinking soliton M? x R, the global r parameter of M? can be interpreted as a thermal equilibrium temperature 
defined by the Euclidean time periodic of the frame fields, up to a proportional being a 3-space energy density A3 
(satisfying eq.(74)) balancing the dimensions between 7 and T. Since temperature T is frame dependent, so is the 
proportional A3. The observation gives us a reason why in Perelman’s paper 7 could be analogous to the temperature 
T. The same results can also be obtained if one use the Lorentzian signature for the lab or base spacetime of the frame 
fields theory (2). In this case the thermal equilibrium of the spatial frame fields instead are subject to periodicity in 
the imaginary Minkowskian time X(x,0) = X(x,73), but even though the base spacetime is Wick rotated, the path 
integral does not pick any imaginary i factor in front of the action in (25) as the starting point, so the main results 
of the discussions retain independent to the signature of the base spacetime. 


B. Thermodynamic Functions 


For the thermodynamic interpretation of the quantum reference frame and gravity theory, in this subsection, we 
derive other thermodynamic functions of the system beside the temperature in the previous subsection, which are 
similar with the ideal gas. So the frame fields system in the Gaussian approximation can be seen as a system of frame 
fields gas, which manifests a underlying statistic picture of Perelman’s thermodynamics analogies of his functionals. 
As convention, we all take the temperature T = 37, eq.(73), D = 3 and A replaced by As, it is equivalent to choose 
a specific gauge of time for the thermal equilibrium frame fields configuration. 

When the spatial shrinking soliton M? is in temporal static dX) = 0 and in thermal equilibrium, the partition 
function of the thermal ensemble of the frame fields X can be given by the trace/integration of the density matrix, 


Zu(r) = dg / @PXu(X) = Az I PXE E = dg(4nr)3/?, (75) 


the normalized u density can be given by the 3-dimensional version of eq.(45) 


1 1 x2 


us(X) = ZU) a pe a ee (76) 


The partition function can also be consistently given by (35) with D = 3 in thermal equilibrium and hence the 
partition function of the frame fields in the shrinking soliton configuration 


1/3 \ 3/2 
a = 2,(8), (77) 


Z(t) = ers Na(M*)—3 — exp |r» f d Xu, log us — : = \3(4nr)9/? = V3 ( 
M? 


where V3 = f d°z is the 3-volume with the constraint åg V3 = 1. The partition function is identified with the partition 
function of the canonical ensemble of ideal gas (i.e. non-interacting frame fields gas in the lab) of temperature 1/8 
and gas particle mass el 3. The interactions are effectively absorbed into the broadening of the density matrix and 
normalized mass of the frame fields gas particles. 

The physical picture of frame fields gas in thermal equilibrium lays a statistical and physical foundation to Perel- 
man’s analogies between his functionals and thermodynamics equations as follows. 
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The internal energy of the frame fields gas can be given similar to the standard internal energy of ideal gas 3T 
given by the equipartition energy of translational motion in 3-space. Consider 8 as the Euclidean time of the flat lab, 
the internal energy seen from an observer in the lab is 


— OlogZe ə 2ONs an op 3 a 
Ex = — aB = AST Ər = A3T Fy = B37 = af (78) 
in which (52) with D = 3 and À —> à have been used. 
The fluctuation of the internal energy is given by 
Clog Z, 3 3 

(E2) — (B = 2 ag? = 5487 = aT”. (79) 

The Fourier transformation of the density u,(X) is given by 
ux(K) = I Xu (X)e EX = ek, (80) 


since u satisfies the conjugate heat equation (23), so K? is the eigenvalue of the Laplacian —4A x + R of the 3-space, 
taking the value of the F-functional, 


K? = à; / aX (RW)? + 4|VU|?) = AF, (81) 
so 
nik jse™, (82) 
For a state taking energy A3T?F = E, the probability density of the state can be rewritten as 
—_ = E 
u,(E) =e %37 =e T, (83) 
which is the standard Boltzmann’s probability distribution of the state. So we can see that the (Fourier transformed) 


manifolds density can be interpreted as the thermal equilibrium canonical ensemble density of the frame fields. 
The free energy is given by 


1 3 
F, = -3 log Za = —A3T log Zx Em —5A3T log(4n7), (84) 


similar with the standard free energy of ideal gas —3T logT up to a constant. 
The minus H-functional of Boltzmann at an equilibrium limit and the thermal entropy of the frame fields gas can 
be given by the Shannon entropy 


A3 Ns = Sx = —A3 7 d Xu, log ux = : [1 + log(4r7)], (85) 


similar with the thermal entropy of fixed-volume ideal gas 3 log T+ 4 up to a constant. The thermal entropy can also 
be consistently given by the standard formula 


A 9 Tpcigati (86) 


Sa = log Z, — 8 DB 5 


which is in analogy with the fact that the W functional is the Legendre transformation of the relative Shannon entropy 
w.r.t. 7 1. For this reason, the W functional is also an entropy function related to the (minus) thermodynamics 
entropy. 

In summary, we have seen that, under general frame fields (coordinates) transformation the Shannon entropy 
anomaly N appearing in the partition function (32) (or relative Shannon entropy N w.r.t. N,) has profound thermo- 
dynamics interpretations. The Ricci flow of frame fields lead to non-equilibrium and equilibrium thermodynamics of 
the quantum spacetime, we summarize the comparisons between them in the Table I and II. 
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| Frame fields at non-Ricci-flow-limit Non-equilibrium —— | 
[Relative Shannon entropy: Ñ = — f d?Xa(X, t) log ŭ(X, t)|Boltzmanian H function: H(t) = f d’vp(v,t)log p(v,t J 
| Ricci flow parameter: t Newtonian = t | 
| Monotonicity: dN =-F>0 H theorem: ut <0 | 
| conjugate heat equation: a =(-A+R)u Boltzmann equation of ideal gas: oe =-v:-Vp | 


Table I: Frame fields in general Ricci flow at non-flow-limit and the Non-equilibrium thermodynamics. 


Frame fields at the Ricci flow limit (GSRS) | Equilibrium thermodynamics of ideal gas 


partition function: Z,(r) = A3(4m7)°/? partition function: Z(T) = V3(2mmT)?/? 
GSRS flow parameter: A37 temperature: T = 67! 
ATF: = ZAT internal energy: E, = -29i = T 
manifold density: u.(K) = en TK = e7^sTF canonical ensemble density: p = e` T 
—A3t log Ze = — 337 log(477) free energy: F, = —T log Z(T) = —3T log T 
Shannon entropy: A3N. = 3 [1 + log(47)] | thermodynamic entropy: S. = 3 (1 + log T) 
W functional: W = aN Ñ first law of thermodynamics: Ey, — TS, = Fs 


Monotonicity: aN >0 second law of thermodynamics: 6S > 0 


Table II: Frame fields in Gradient Shrinking Ricci Soliton (GSRS) configuration and the equilibrium thermodynamics of ideal 
gas. 


V. APPLICATION TO THE SCHWARZSCHILD BLACK HOLE 


In this section, we try to apply the general statistic and thermodynamics interpretation of the quantum frame fields 
to a physical gravitational system, as one of the touchstone of quantum gravity, i.e. to understand the statistical 
origin of the thermodynamics of the Schwarzschild black hole. 


A. The Temperature of a Schwarzschild Black Hole 


The region in the vicinity of the origin of a Schwarzschild black hole is an example of classical static shrinking Ricci 
soliton. A rest observer distant from it sees an approximate metric MÌ x R, where the region in the vicinity of the 
origin of the spatial part M? is a shrinking Ricci soliton. The reason is as follows, because the black hole satisfies the 
Einstein’s equation 


1 
ue Iu kt = 89GT us (87) 


where the stress tensor is a point distributed matter in rest with a mass m at the origin x = 0 (seen from the distant 
rest observer) 


Too = md) (x), Ty =0 (i,j =1,2,3), (88) 
where Latin index 7,7 is for spatial index in the following. So we have 
R(x) = —81GTP = 8rGmsd") (x). (89) 


From the Einstein’s equation we have the Ricci curvature of MÌ is proportional to the metric of M? 
1 1 
Rij (x) = 8rGTij + sist = 58rGms®) (x) 9, (4,9 = 1, 2, 3). (90) 


The equation is nothing but a normalized shrinking Ricci soliton equation (43) for M’ 


1 


zu) (x~ 0) (91) 


Rij(x) = = 
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with 


1 
(3) = 
gee) 8rGm’ 


(92) 


where ©) (x) plays the role of the 3-space energy density A3 in the vicinity of the origin, satisfying f d’xô®) (x) = 1 
as eq.(74), so by using the relation between 7 and temperature T (73), we can directly read from the equation that a 
temperature seen by the lab’s infinite distant rest observer is 


1 
T = 6°) = 
oes 87Gm’ 


(93) 


which is the standard Hawking’s temperature of the Schwarzschild black hole seen by a distant rest observer. 

Is the vacuum region outside the origin of the black hole also a shrinking Ricci soliton? One may naively think 
that the answer is no, since at the classical level, it seems R;; = 0 (not a shrinking soliton eq.(91)), since outside the 
origin is just vacuum. But as is discussed in the next subsection, we argue that it is not true at the quantum level, if 
the vacuum and the vicinity region of the origin are in thermal equilibrium, they must be a shrinking Ricci solitons 
as a whole, i.e. (Rij) = Ægi; # 0, eq.(101) in the “vacuum”. The above result can be extended to the “vacuum” 
region outside the origin, the price to pay is that the “vacuum” is full of internal energy corresponding to the Hawking 
temperature. If the whole spacetime have not been in thermal equilibrium yet, the configuration has to irreversibly 
go on flowing to a common thermal equilibrium fixed point (a global shrinking Ricci soliton), leading to a global 
maximized entropy, as the H-theorem asserts. 


B. The Energy of a Schwarzschild Black Hole 


In classical general relativity, the mass m is often mentioned as the ADM energy of the black hole 
m= J d’ xToo = / dxmd) (x), (94) 


seen by the distant rest observer (w.r.t. the lab time zo). Here at the quantum level, the coordinates or frame 
fields and spacetime are quantum fluctuating, which gives rise to the internal energy related to the periodicity of the 
(Euclidean) lab time xo (i.e. 8 = 4). So, mathematically speaking, the anomaly of the trace of the stress tensor will 
modify the total ADM mass at the quantum level, see (36). Since the anomaly of the action of the frame fields A3 Nx 
representing the spacetime part is always real, the internal energy of the frame fields is given by the (78) 


Olog Z, -3r 3 
0B 2 16rGm’ 


ce (95) 
in which we have considered the 3-space volume V3 outside the origin is in thermal equilibrium with the Hawking’s 
temperature at the origin eq.(93), sharing the same equilibrium temperature T in the 3-volume V3. 

We can see that the internal energy FE, is an extra contribution to the total energy of the (black hole + “vacuum”) 
system seen by the distant rest observer. Essentially this term can be seen as a quantum correction or a part of the 
trace anomaly contribution to the stress tensor, thus the total energy of the black hole including the classical ADM 
energy and the quantum fluctuating internal energy of the metric is 


3 1 
MBH I x (Too) =m + m+ E (96) 
where the classical stress tensor Too is formally replaced by its quantum expectation value 
37T 
(Too) = md (x) + 5 (97) 


2 V3 


A quantum Equivalence Principle should assert that the total energy rather than only the classical ADM mass 
contributes to the gravitation. 


For a macroscopic classical black hole, m >> a the first term ADM energy dominants the eq.(96), 
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The second internal energy term is gradually non-negligible for a microscopic quantum black hole. An important 
effect of the existence of the second term in (96) is, for a microscopic quantum black hole, it makes the total energy 
bound from below, the minimal energy is of order of the Planck mass 


3 
MBH = ino O(mp), (99) 
which seems to prevent the black hole evaporating into nothing. 

Further more, the internal energy 3T term contributing to the total energy mgp and gravitation also demands 
that, not only the vicinity of the origin of the black hole is a shrinking soliton (as previous subsection claims), at the 
quantum level the whole 3-space is also the same shrinking soliton (i.e. satisfying eq.(91) with the identical r globally 
and hence the same temperature T everywhere for the whole 3-space), just replacing the 6‘)-density in eq.(93) by 
the A3-density, which extends the 6()-density at the origin to the outside region (the “vacuum”), we have 


1 
T = A3T = ———, with [fxr = [oxi =1 (100) 
87Gm MBH 
for the whole thermal equilibrium 3-space, although at the classical level the vacuum R;j(x # 0) = 0 is seem not a 
shrinking soliton outside the origin. The physical reason is transparent that the internal energy’s contribution a in 


(Too) also plays the role of an additional source of gravity outside the origin. For the whole 3-space with (Joo) 4 0 
and (Tij) = 0, the Einstein’s equation for the whole 3-space is nothing but the Shrinking Ricci Soliton equation (91): 


(Too) 1 1 
ij = ij = 5595 101 
wie ap 39s 7I #0 (101) 


(Rij) = 5 


: (R) Jij = LG (Too) Jij FX ae 
2 2 2 

in which (R) = —8nG (7#) = 87G(Too) # 0 is used in the “vacuum” outside the origin. The equation is in fact 
the spatial components of the Gradient Shrinking Ricci Soliton equation (43) where (Rij) = Ri; + ViV;f, the 
Gaussian/thermal broadening of the density matrix u contributes to the classical curvature. The vicinity region of the 
origin plus the “vacuum” outside the origin of the black hole as a whole, is nothing but globally a shrinking Ricci soliton. 
The “vacuum” is not completely nothing at the quantum level but full of thermal particles (Joo(a # 0)) # 0. The 
Hawking temperature is essentially an Unruh effect, in certain sense, the Gradient Shrinking Ricci soliton equation, 
eq.(101), might play a more fundamental role than the Unruh’s formula, which determines how local acceleration or 
gravitation gives rise to temperature. 

The internal energy of the spacetime frame fields is an additional and necessary source of gravity, although macro- 
scopically it is too small to contribute, at the quantum level its contribution is crucial for the 3-space in thermal 
equilibrium just right being a global shrinking Ricci soliton. The thermal internal energy coming from the quantum 
fluctuation of the 3-space gravitates normally as the quantum Equivalence Principle will assert. Otherwise, we have 
to face a paradox as follows. If we consider a frame x having 7,,,(x) = 0 everywhere, so according to the classical 
gravity R,,,(x) = 0 everywhere, if we transform it to anther accelerating frame 2’, one expects Tay (£) > Tpu (2) = 0, 
and hence R, (x') = 0 everywhere. However, according to the Equivalence Principle, in the accelerating frame g’ 
one should feel equivalent gravity R, (x') # 0. It is clearly something is missing, a new dimension of the Equiva- 
lence Principle must be considered. In order to solve the paradox and retain the Equivalence Principle, a quantum 
effect (actually the effect from the diffemorphism anomaly such as the trace anomaly or the Unruh effect) must be 
introduced so that the accelerating frame must be particles creating from the “vacuum” and be thermal, which plays 
the role of an equivalent gravitational source making R/,,(x’) 4 0. The Hawking temperature in the internal energy 
term of eq.(96) is in essential the Unruh temperature playing such role. In this sense, the validity of the Equivalence 
Principle should be extended to the reference frame described by quantum state. 


C. The Entropy of a Schwarzschild Black Hole 


In the general framework, the entropy of the black hole comes from the uncertainty or quantum fluctuation moment 
of the frame fields given by the manifolds density u, more precisely, the thermalized black hole entropy is measured 
by the maximized Shannon entropy in terms of the probability distribution u of the frame fields in the background 
of the black hole. So in this subsection, we calculate the u density distributed around the Schwarzschild black hole 
and then evaluate the corresponding entropy as a measure of the black hole entropy. After a proper definition of a 
zero-point of the Shannon entropy, it gives a standard Bekenstein-Hawking entropy. 

For an observer in the distant lab rest frame, the contributions to the temporal static u density around the black 
hole is two folds. Beside the thermal distribution u, in the “vacuum” or bulk outside the black hole horizon, which 
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gives rise to the ideal gas entropy (85) as the background entropy, there is an additional & density distribute mostly in 
a exterior thin shell near the horizon, and sparsely in the bulk outside the horizon, which we will focus on. The reason 
is as follows. Because ŭ density satisfies the conjugate heat equation (23) on the classical background of the black 
hole, since the classical scalar curvature R = 0 outside the horizon, and the temperature (equivalently the parameter 
7 and the mass) can be seen unchange for the thermalized black hole i.e. gu = 0, thus the conjugate heat equation 
for ŭ is approximately given by the 4-Laplacian equation on the Schwarzschild black hole 


Axt(X)=0, (|X| > rx). (102) 


Now the temporal static density ŭ(X) plays a similar role like a solution of the Klein-Gordon equation on the static 
background of the black hole. The approximation of the conjugate heat equation is equivalent to interpret the Klein- 
Gordon modes as a “first’”-quantization probability density (not second-quantization fields). As is well-known, there 
are modes falling into the black hole horizon and hence disappearing from the outside observer’s view. Just like the 
negative Klein-Gordon modes falling into the negative energy states below the groundstate. In a flat background, the 
amplitudes of the modes falling into and going out of the horizon are identical. So in the second-quantization, the 
negative mode falling into the horizon can be reinterpreted as a single anti-particle with positive energy modes going 
out of the horizon with the identical amplitude. However, in a curved background, for instance, the spacetime near 
the black hole horizon, the statement is no longer true. The two amplitudes differ from each other by a non-unitary 
equivalent factor. Thus the negative mode falling into the black hole horizon are no longer be reinterpreted as a single 
anti-particle mode going out, rather than multi-particles thermo-ensemble. At the situation, the density i describes 
the ensemble density of modes going exterior the horizon |X| > ry which can be seen by an outside observer. 

By a routine calculation of the solution near the exterior black hole horizon resembling a Rindler metric as a starting 
point, we denote the solution ŭk(p), in which k represents the Fourier component /momentum in the direction that 
are orthogonal to the direction of radius with p = log(r — rg), r the radius, ry = 2Gm the radius of the horizon. The 
equation becomes 


OP ti, 
Op? 
where w is the eigen-energy of the modes. By using a natural boundary condition that u vanishes at infinity, we can 
see that each transverse Fourier mode t,x can be considered as a free 1+1 dimensional quantum field confined in a 
box, one wall of the box is at the reflecting boundary po = log €o where ceo ~ 0, and the other wall of the box is 
provided by the potential 


+ k?e ùg == w ük, (103) 


V (p) = ke”, (104) 


which becomes large V (p) >> 1 at p > —logk. So we can approximate the potential by the second wall at p,, = — log k. 
So the length of the box is given by 


Ap = Pw — po = — log(eok). (105) 


Thus the thickness of the horizon is about Ar ~ e^’ ~ eok. 
The density a ,(p) is located in the box p € (po, Pw). In other words, the solution of & density is located mainly in 
a thin shell near the horizon r € (r,r + cok). Furthermore, the modes k is assumed normal distributed (with a 


tiny width described by the parameter 7). In this picture, without solving the equation, we can approximately write 
T—0 


down the natural solution as ŭ&k(r) ~ 6(|k|)d(r — rz), while for finite and small 7, we have a nearly Gaussian form 
1 _ (=r)? 1 _(=ry)? 

De ooo ae 

(4rr)!/2 (4r|k|2r)!/2 

The exterior horizon solution can be considered as the standing wave solution as the superposition of the modes falling 

into and coming out of the black hole horizon. Then we have (up to a constant) 


tix (r) x ô(|k]) . (r > rH) (106) 


Tr 1 
log ti, (r) =" -35 log (\k|?r) . (107) 


A routine calculation of the relative Shannon entropy or W-functional gives the entropy of each k-mode in the limit 
in which the width 7 is very small, 
As Ñ (tix) = —À3 I d X ti, log Uk 
1 (r=ry) 


co 2 1 
= a(k) f eae a z log (Ik/?r) 


TH 


F 1 
= 5(lk|) | Alog (Ik]?7), (108) 
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where A = 4rr?, is the area of the horizon. 
It is naturally to assume the momentum k in the horizon shell is homogeneous, 


|k] = |k] = [kx], (109) 


where kp is the momentum in the radius direction and k, in the transverse directions on the horizon. When we 
integrate over all k-modes, we have the total relative Shannon entropy weakly depending to T 


A3N (ù) = dy f PKN (am) 


= zaf SF log (Ik1[?7) f dk,ð(k,) 


1. [5 ark dk, a 
1 1 T T 
= 1^ i 2nT [ 2e2 (2 log z) 
N à (110) 


~ 1672’ 


in which the transverse momentum is effectively cut off at an inverse of a fundamental UV length scale e€. 

The relative Shannon entropy gives an area law of the black hole entropy. To determine the UV length cutoff e, 
we need to consider the scale at which the relative entropy is defined to be zero (not only the black hole is locally 
thermal equilibrium, but also the asymptotic background spacetime is globally thermal equilibrium), thus we need 
to consider the flow of the asymptotic background spacetime. A natural choice of a thermal equilibrium Ricci flow 
limit of the background spacetime (the black hole is embedded) is an asymptotic homogeneous and isotropic Hubble 
universe with scalar curvature Ro = D(D — 1)HẸ = 12H@ at scale tyy where we could consider and normalize the 
relative entropy to be zero (leaving only the background ideal gas entropy), since there is no information of the local 
shape distortions in such GSRS background because of the vanishing of its Weyl curvature, while the global curvature 
is non-zero which codes the information of its global volume shrinking. Under such definition, taking the normalized 
Shrinking Ricci soliton equation (43) and (22), we have 


D 1 


k? 111 
TUV tuv QR, 62A UV? (111) 


by using the critical density (68), which gives a natural cutoff corresponding to the scale tyv, 


1 1 
2 mane EE 112 
e = kyr aC re (112) 


This is exactly the Planck scale, which is a natural cutoff scale induced from the Hubble scale Ho and X of the 
framework. However, it is worth stressing that the Planck scale is not the absolute fundamental scale of the theory, it 
only has meaning w.r.t. the asymptotic Hubble scale. The only fundamental scale of the theory is the critical density 
A which is given by a combination of both the Planck scale and Hubble scale, but each individual Planck or Hubble 
scale does not have absolute meaning. The UV (Planck) cutoff scale could tend to infinity while the complementary 
(Hubble) scale correspondingly tends to zero (asymptotic flat background), keeping À finite and fixed. 

At this point, if we define a zero-relative-entropy for an asymptotic Hubble universe of scalar curvature Ro, then 
the black hole in this asymptotic background has a non-zero thermodynamic entropy 


= A 
S=-—-A3N(u) = — 113 
ÑO, (113) 
up to the bulk background entropy A3N, = Sx K S, eq. (86). Combining the relative Shannon entropy Ñ and the bulk 
thermal background entropy N,, and using the total partition function eq.(35), Z(M?) = eò N=} = er3(N+Ns)—3 we 
can also reproduce the total energy of the black hole in (96) 
OlogZ _ 3 


MBH = — (114) 


in which eq. (47) and A = 4rr?, = 167G?m? = a have been used. 


24 


Different from the holographic idea that the information or entropy are coded in the (infinite thin and 2-dimensional) 
horizon or boundary of a gravitational system, in this framework where the coordinates of the spacetime geometry 
are smeared by quantum fluctuation, as a consequence that there is no mathematically precise notion of an infinite 
thin boundary in a “density manifolds” in general, it is just a semi-classical concept. Note that manifolds density u is 
mainly distributed at the horizon with a finite thickness (although very small), which contributes most of the anomaly 
and entropy to the black hole, so although the entropy (113) is proportional to the area, the geometric gravitational 
entropy given by the framework essentially comes from the 3-volume (note the 3d integral in eq.(108) and eq.(110)) 
but the 2-surface boundary. Or in other equivalent words, here the area of the horizon is fluctuating (due to its finite 
thickness) rather fixed, while the total energy and hence the temperature is fixed. In this sense, it is a canonical 
ensemble but an area ensemble as some ideas might suggest. 


VI. CONCLUSIONS 


In this paper, we have proposed a statistical fields theory underlying Perelman’s seminal analogies between his 
geometric functionals and the thermodynamic functions. The theory is based on a d = 4 — e quantum non-linear 
sigma model, interpreted as a quantum reference frame. When we quantize the theory at the Gaussian approximation, 
the wavefunction ¥(X) and hence the density matrix u(X) = U*(X)W(X) eq.(13) can be written down explicitly. 
Based on the density matrix, the Ricci flow of the frame fields (10) and the generalized Ricci-DeTurck flow (19) of 
the frame fields endowed with the density matrix is discussed. And further more, we find that the density matrix 
has profound statistical and geometric meanings, by using it, the spacetime (M? , g) as the target space of NLSM is 
generalized to a density spacetime (M”,g,u). The density matrix u(X,7), satisfying a conjugate heat equation (23), 
not only describes a (coarse-grained) probability density of finding frame fields in a local volume, but also describes 
a volume comparison between a local volume and the fiducial one. 

For the non-isometric nature of the Ricci or Ricci-DeTurck flow, the classical diffeomorphism is broken down at the 
quantum level. By the functional integral quantization method, the change of the measure of the functional integral 
can be given by using a Shannon entropy N in terms of the density matrix u(X,r7). The induced trace anomaly 
and its relation to the anomalies in conventional gravity theories are also discussed. As the Shannon entropy flows 
monotonically to its maximal value N, in a limit called Gradient Shrinking Ricci Soliton (GSRS), a relative density 
ù and relative Shannon entropy Ñ = N—N, can be defined w.r.t. the flow limit. The relative Shannon entropy gives 
a statistical interpretation underlying Perelman’s partition function (47). And the monotonicity of N along the Ricci 
flow gives an analogous H-theorem (50) for the frame fields system. As a side effect, the meanings on the gravitational 
side of the theory is also discussed, in which a cosmological constant —Av(B4,) © 0.89. as a UV counter term of the 
anomaly must be introduced. 

We find that a temporal static GSRS, M, as a 3-space slice of the 4-spacetime GSRS, M4 = M? x R, is in a 
thermal equilibrium state, in which the temperature is proportional to the global r parameter of M? (73) up to a 
3-space energy density A3 with normalization f d?x\3 = 1. The temperature and \3 both depend on the choice of 
time R. In the sense that M? is in thermal, its Ricci soliton equation eq.(91) or quantum (indistinguishable with 
thermal) fluctuation eq.(41), can be considered as a generalization of the Unruh’s formula, relating the temperature 
to local acceleration or gravitation. Based on the statistical interpretation of the density matrix u(X,7T), we find 
that the thermodynamic partition function (75) at the Gaussian approximation is just a partition function of ideal 
gas of the frame fields. In this physical picture of canonical ensemble of frame fields gas, several thermodynamic 
functions, including the internal energy (78), the free energy (84), the thermodynamic entropy (85), and the ensemble 
density (83) etc. can be calculated explicitly agreeing with Perelman’s formulae, which gives an underlying statistical 
foundation to Perelman’s analogous functionals. 

We find that the statistical fields theory of quantum reference frame can be used to give a possible underlying mi- 
croscopic origin of the spacetime thermodynamics. The standard results of the thermodynamics of the Schwarzschild 
black hole, including the Hawking temperature, energy and Bekenstein-Hawking entropy can be successfully repro- 
duced in the framework. And we find that when the fluctuation internal energy of the metric is taken into account 
in the total energy, the energy of the black hole has a lower bound of order of the Planck energy, which avoid the 
quantum black hole evaporating into nothing. The internal energy or related temperature of the spacetime frame 
fields is an additional source of gravity, although macroscopically it is very small, at the quantum level its contribution 
is necessary for a thermal equilibrium 3-space just right being a GSRS, otherwise, the Equivalence Principle would 
breakdown. In this paper, the extended quantum Equivalence Principle plays a fundamental role as a bridge from 
the quantum reference frame theory (as a statistical fields or quantum fields theory on the base/lab spacetime) to the 
quantum gravity. 

To sum up, the paper can be seen as an attempt to discuss the deep relations between these three fundamental 
themes: the diffeomorphism anomaly, gravity and the spacetime thermodynamics, based on the statistical fields 
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theory of quantum spacetime reference frame and the quantum Equivalence Principle. In the spirit of classical 
general relativity, if we trust the Equivalence Principle, one can not in principle figure out whether one is in an 
absolute accelerating frame or in an absolute gravitational background, which leads to a general covariance principle 
or diffeomorphism invariance of the gravitational theory. However, at the quantum level, the issue is a little subtle. If 
an observer in an accelerating frame sees the Unruh effect, i.e. thermal particles are creating in the “vacuum”, which 
seems leading to the unitarily inequivalence between the vacuums of, for instance, an inertial frame and an accelerating 
frame, and hence the diffeomorphism invariance is seen breakdown discussed as the anomaly in the paper. The 
treatment of the anomaly in the paper is that, the anomaly is only canceled in an observer’s lab up to UV scale, where 
the frame can be considered classical, rigid and cold, while at general scale the anomaly is not completely canceled. 
Whether one can figure out that he/she is in an absolute accelerating frame by detecting the anomaly (Shannon N 
term) at general scale (e.g. by thermodynamic experiments detecting the vacuum thermal particle creation and hence 
find the non-unitarity)? We argue that if the answer is still “NO!” in the spirit of the general relativity, the anomaly 
term coming from a quantum general coordinates transformation must be also equivalently interpreted as the effects 
of spacetime thermodynamics and gravity. Because the 2nd order moment fluctuation of the quantum coordinates or 
a non-trivial manifolds density u, which gives rise to the diffemorphism anomaly, also contributes to other 2nd order 
quantities (series coefficients at second spacetime derivative) such as (i) the acceleration (second time derivative of 
coordinates, e.g. leading to uniform acceleration expansion or other acceleration discrepancies in the universe [1]), (ii) 
the gravity or curvature (second spacetime derivative of metric, e.g. see (9) and (18)) and (iii) the thermal broadening 
(second spatial derivative of the manifolds density or the ensemble density, e.g. see (41) and (73)) at the same (2nd) 
order. In this sense, the validity of the classical Equivalence Principle would be generalized to the quantum level 
to incorporate the effects of the quantum fluctuation of the spacetime coordinates or frame fields, so that, one in 
principle still can not figure out and distinguish whether he/she is in an accelerating frame, or in a gravitational field 
or in a thermal spacetime (as a new dimension of the Equivalence Principle), these three things have no absolute 
physical meanings and are indistinguishable any more in the framework. The classical Equivalence Principle asserts 
the equivalence of the first two things at the first order (mean level), the quantum Equivalence Principle asserts the 
equivalence of the three things even at the second order (variance level), even higher order. 
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